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Abstract The relaxation of the reciprocity condition for pairwise comparisons is revisited1

from the optimization point of view. We show that some special but not extreme cases of2

the Least Squares Method are easy to solve as convex optimization problems after suitable3

nonlinear change of variables. We also give some other, less restrictive conditions under4

which the convexity of a modified problem can be assured, and the global optimal solution of5

the original problem found by using local search methods. Mathematical and psychological6

justifications for the relaxation of the reciprocity condition as well as numerical examples7

are provided.8

Keywords Pairwise comparisons · Convexity properties9

1 Introduction10

The use of pairwise comparisons (PCs) is one of the most puzzling, intriguing, and con-11

troversial scientific methods although, technically speaking, many scientific measurements12

(e.g., in physics, chemistry, or engineering) reduce to it. Using PCs, we simply compare a13
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distance to an assumed unit of measure, for example, a meter for distance or one liter for14

liquid capacities in the International System of Units. However, once we allow more general15

comparisons, the situation becomes much more involved and non-trivial methodological and16

mathematical issues arise.17

The first published use of PCs is attributed to Fechner in 1860 (see [14]). The use of PCs18

for an election method was promoted by Condorcet in 1785 (see [7], four years before the19

French Revolution) and by Ramon Llull, or Raimundus Lullus, around 1275 in [29]. How-20

ever, it was not done in terms of expressing intensity of preferences by real numbers but by21

a simpler version of “win or tie” only.22

Mathematically, an n ×n real matrix A = [ai j ] is a pairwise comparison matrix if ai j > 023

and ai j = 1/a ji for all i, j = 1, . . . , n. A PC matrix A is consistent if ai j a jk = aik for all24

i, j, k = 1, . . . , n. It is easy to see that a PC matrix A is consistent if and only if there exists25

a positive n-vector w such that ai j = wi/w j , i, j = 1, . . . , n. For a consistent PC matrix A,26

the values wi serve as priorities or implicit weights of the importance of the alternatives.27

Several mathematical methods have been put forward for eliciting a suitable vector w28

of weights of importance (or priority weights) from an inconsistent PC matrix, or for find-29

ing the “nearest” consistent PC matrix for a given inconsistent PC matrix. The Eigenvector30

Method (EM) was proposed in [32]. EM suggests asw the principal (right) eigenvector of A.31

Another class of approaches is based on optimization methods and proposes different ways32

for minimizing the difference between A and consistent PC matrices. If the difference to be33

minimized is measured in the least-squares sense, i.e., in the Frobenius norm, then we get34

the Least Squares Method (LSM) (analyzed in [6]); we present here the normalized version,35

see [16]36

min
n∑

i=1

n∑

j=1

(
ai j − wi

w j

)2

s.t.
n∑

i=1
wi = 1, wi > 0, i = 1, . . . , n.

(1)37

Since the n × n matrices can be considered as n2-dimensional vectors (for example, via38

lexicographic ordering), the above problem may be also thought of as an instance of LSM in39

the standard Euclidean space. Unfortunately, problem (1) may be a difficult nonconvex opti-40

mization problem with multiple local optima and even with multiple isolated global optimal41

solutions [23,24].42

Some authors state that problem (1) has no special tractable form and is difficult to solve43

[6,18,30,5]. In order to elude the difficulties caused by the possible nonconvexity of (1), sev-44

eral other, more easily solvable problem forms are proposed to derive priority weights from45

an inconsistent pairwise comparison matrix. The Weighted Least Squares Method (WLSM)46

[2,6] in the form of47

min
n∑

i=1

n∑

j=1

(
ai jw j − wi

)2

s.t.
n∑

i=1
wi = 1, wi > 0, i = 1, . . . , n

(2)48

involves a convex quadratic optimization problem whose unique optimal solution is obtain-49

able by solving a system of linear equations. The Logarithmic Least Squares Method (LLSM)50

[8,9] in the form51

123

Journal: 10898-JOGO Article No.: 9785 TYPESET � DISK LE � CP Disp.:2011/9/21 Pages: 18 Layout: Small



R
ev

is
ed

Pr
oo

f

J Glob Optim

min
n∑

i=1

n∑

i=1

[
log ai j − log

(
wi
w j

)]2

s.t.
n∏

i=1
wi = 1, , wi > 0, i = 1, . . . , n

(3)52

is based on an optimization problem whose unique optimal solution is the geometric mean53

of the rows of matrix A.54

For further approaches, see [3,4,13,16] and the references therein. We have to emphasize,55

however, that the motivation behind most of the optimization-based approaches different56

from (1) appears to have been – at least partly – eluding the difficulties resulting from the57

possible nonconvexity of problem (1) by sacrificing the natural approach of the Euclidean58

distance minimization.59

As proved in [16], a necessary condition for the multiple local optima to appear in (1) is60

that some elements of matrix A are large enough. In [16], by replacing the normalization in61

(1) to wn = 1, and by using the logarithmic transformation62

xi = logwi , i = 1, . . . , n, (4)63

and the univariate function64

fa(x) = (
ex − a

)2 + (
e−x − 1/a

)2
(5)65

depending on a real parameter a, problem (1) was transcribed into the equivalent form of66

separable programming:67

min
n−1∑

i=1
fain (xi )+

n−2∑

i=1

n−1∑

j=i+1
fai j (xi j )

s.t. xi − x j − xi j = 0, i = 1, . . . , n − 2, j = i + 1, . . . , n − 1.
(6)68

As shown in [16], there exists an a0 > 0 such that the univariate function fa of (5) is strictly69

convex if and only if 1/a0 ≤ a ≤ a0. Consequently, if the condition 1/a0 ≤ ai j ≤ a070

is fulfilled for all i, j , then (1) can be transformed into the convex programming prob-71

lem (6) with a strictly convex objective function to be minimized (see [16], Proposition72

2). This implies that both (1) and the equivalent problem (6) have then a unique solution73

which can be found using standard local search methods. The above-mentioned constant is74

a0 = ((123 + 55
√

5)/2)1/4 =
√

1
2

(
11 + 5

√
5
)

≈ 3.330191, which is a reasonable bound75

for many real-life problems [16,17].76

Even if the largest element of a PC matrix is greater than a0, it is possible to come up77

with conditions assuring that (1) has a single local minimum, see Corollary 2 of [16]. In78

all such cases local search methods can be used to find the solution. In this paper we shall79

consider matrices A for which the reciprocity constraint ai j = 1/a ji for all i, j = 1, . . . , n80

is not assumed. From the mathematical point of view, A is simply a positive matrix, but we81

shall call it a nonreciprocal PC matrix in order to emphasize that it is obtained from pairwise82

comparisons. We will focus on the LSM problem (1) for a nonreciprocal PC matrix A, and83

we will show how the convexity findings of [16] can be extended to the nonreciprocal case.84

In Sect. 2 we discuss the practical importance of nonreciprocal PC matrices, and advert85

briefly to some basic approaches for eliciting the weights of importance from a nonrecip-86

rocal PC matrix, or for approximating it by a consistent PC matrix. Section 3 focuses on a87

special univariate function of two parameters that plays in our analysis the role similar to that88

of fa from [16], and describes the region of the parameters for which the univariate function89
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is convex. In Sect. 4 we present other conditions which assure that a local optimal solution90

of problem (1) is also a global optimal solution. In Sect. 5 we show numerical examples. A91

relation to the issue of the small scale, conclusions and final remarks are addressed in Sect. 6.92

2 Methods for approximating a nonreciprocal PC matrix by a consistent PC matrix93

When we compare X to Y , it is tacitly assumed that Y to X is the reciprocal, and this is94

called the reciprocity condition. In some cases, however, it may not be reasonable to assume95

that reciprocity holds. A double blind wine tasting is a crown example for the necessity96

of relaxation of this condition. However, testing wine is mostly fun and, as such, it would97

probably not deserve our attention. A more serious reason may be hinted by an urban legend.98

It is said that the origin of the first freeway has taken place when two construction teams99

worked from opposite directions missing each other. We do not know whether such event100

did actually take place, but it is not uncommon for large projects to involve several teams101

working independently. If such work entails making pairwise comparisons, it may happen102

that one team compares a component X to Y , while another team may compare Y to X103

receiving non reciprocal values. In this situation, we have a limited choice: to discard one104

of the comparisons (facing a non trivial choice problem unless tossing a coin is used) or to105

come up with some kind of a “golden mean.” Our study is exactly about this magic “middle106

point” solution.107

The lack of reciprocity may occur even if the same person performs the comparisons, but108

at different times. In [10] an experiment is reported. Postgraduate students were asked to fill109

in the upper part of a PC matrix, where the items to be compared were in the scope of their110

studies. Four weeks later, they were asked to fill in the lower part of the PC matrix. It turned111

out that for none of the 23 PC matrices obtained in this way did the reciprocity property hold.112

As mentioned in [22], nonreciprocal PC matrices may also appear when one compares113

financial assets denominated in different currencies. Because of transaction costs, the result-114

ing PC matrices are not reciprocal, even if no subjectivity is involved.115

As far as the authors know, the first publication concerning the approximation of a non-116

reciprocal PC matrix by a consistent one is [25]. They extended problem (3) of LLSM to the117

nonreciprocal case, and obtained the following optimal solution to (3):118

wi = 2n

√
√
√
√

∏n
j=1 ai j

∏n
j=1 a ji

, i = 1, . . . , n. (7)119

In the case of a reciprocal PC matrix, (7) gives the well-known formula where wi is the120

geometric mean of the elements in the i-th row of A. The formula (7) was reinvented and121

extended by using the maximum likelihood approach in [22]. The results of [25] were also122

extended in [28] to the case when several decision makers express different opinions per123

comparison.124

The other classical methods for reciprocal PC matrices can also be extended to the non-125

reciprocal case in more or less direct ways. EM can be interpreted without the reciprocal126

condition as well [33]. Problem (2) of WLSM has a unique optimal solution that can be127

obtained, also in the nonreciprocal case, by solving a system of linear equations. Several128

variants of the goal programming approach were proposed in [10,12,19–21]. Nonreciprocity129

also appears in fuzzy preference relations, see [11] and its references; for other aspects of130

the interface between fuzzy sets and pairwise comparisons see [34,35].131
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In this paper the methodology applied in [16] to the LSM problem (1) will be extended to132

the nonreciprocal case. Since ai j = 1/a ji no longer can be assumed, instead of the univariate133

function fa of (5), the univariate function134

fa,b(x) = (
ex − a

)2 + (
e−x − b

)2
(8)135

depending on two (real positive) parameters a and b will now play an important role. Similarly136

to [16], changing the normalization in (1) to wn = 1, we obtain the equivalent form137

min
n∑

i=1

n∑

j=1

(
ai j − wi

w j

)2

s.t. wn = 1, wi > 0, i = 1, . . . , n − 1.

(9)138

Next, using again the logarithmic transformation (4), problem (3) can be transcribed into139

another equivalent form of separable programming:140

min
n−1∑

i=1
fain ,ani (xi )+

n−2∑

i=1

n−1∑

j=i+1
fai j ,a ji (xi j )

s.t. xi − x j − xi j = 0, i = 1, . . . , n − 2, j = i + 1, . . . , n − 1.

(10)141

Although aii = 1, i = 1, . . . , n, does not have to be assumed in the nonreciprocal case, the142

diagonal elements of A do not appear in (10) since they give only the constant contribution143 ∑n
i=1(aii − 1)2 to the objective function of (9) and can thus be ignored.144

Of course, problems (9) and (10) do inherit the numerical difficulties present in the recip-145

rocal case. It would be clearly useful to characterize the matrices A = [ai j ] for which the146

objective function in (10) is convex (or, better, strictly convex) as for such A the difficulties147

disappear. However, this appears difficult even for small dimensions. Still, an analogue of the148

condition “1/a0 ≤ ai j ≤ a0 for all i, j ,” considered in [16] and assuring that the objective149

functions in (1) and (6) have a single local minimum, can be established also in the nonre-150

ciprocal case. Convexity properties of the univariate functions (8) will play a primary role in151

the investigation.152

3 Some convexity properties of the univariate function depending on two parameters153

In this section we focus on the question for which parameters a, b the function fa,b is convex,154

i.e., on identifying the set155

U := {(a, b) ∈ R
2 : fa,b is convex on R}. (11)156

The set that is of interest is actually157

U+ := U ∩ R
2+ = {(a, b) ∈ R

2+ : fa,b is convex on R}, (12)158

but its properties will follow immediately from those of U . We will present several differ-159

ent descriptions of U . Propositions 1 and 2 approach U from the point of view of convex160

analysis, show its convexity and other geometric properties. Proposition 3 gives a tangible161

description of the set (intercepts, special points) and allows for its easy graphical representa-162

tion (such as on Fig. 2) using standard software. Finally, Proposition 4 provides an easy test163

for membership in U .164
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Since strict convexity is a useful property to assure the uniqueness of the optimal solution165

in convex programming, we start with the following166

Remark 1 If fa,b is convex on R, then it is actually strictly convex. In other words,167

U = {(a, b) ∈ R
2 : fa,b is strictly convex on R}.168

Indeed, assume that fa,b is convex but not strictly convex. Then f ′
a,b is constant and f ′′

a,b is169

zero over a nondegenerate interval of R. A direct calculation gives170

f ′′
a,b(x) = 4e−2x − 2be−x − 2aex + 4e2x . (13)171

Substituting v = ex > 0, we have f ′′
a,b(x) = 0 exactly when 2

v2 − b
v

− av + 2v2 = 0, or172

2v4 − av3 − bv + 2 = 0. (14)173

The quartic polynomial in (14) may have at most a finite number (more precisely, by Des-174

cartes’s rule of sign [27], at most 2) of positive roots; consequently, (13) can not have an175

infinite number of roots, either. This contradicts f ′′
a,b vanishing on an interval and proves the176

remark.177

Proposition 1 The sets U and U+ = U ∩ R
2+ are nonempty and convex. Moreover178

(a, b) ∈ U if and only if (b, a) ∈ U, (15)179

and180

U = {(a, b) ∈ R : b ≤ g(a)}, (16)181

where g : R → R is a decreasing, differentiable, strictly concave bijection.182

Some of the assertions of Proposition 1 follow from known facts or from elementary183

convex analysis. For example, we know from [16] that if 1/a0 ≤ a ≤ a0 and b = 1/a,184

where a0 =
√

1
2

(
11 + 5

√
5
)

, then (a, b) ∈ U+, thus U+ (and a fortiori U ) is nonempty.185

However, the finer properties of U require a more detailed analysis; our strategy will be to186

conceptualize the definition of U and then deduce Proposition 1 from the general theory.187

To that end, we note first that the function fa,b(x) is convex on R exactly when f ′′
a,b(x) ≥ 0188

for all x ∈ R; by (13) and the discussion that followed it, this is equivalent to 2
v2 − b

v
− av+189

2v2 ≥ 0 for all v > 0, or190

av + b

v
≤ 2

v2 + 2v2 for all v > 0. (17)191

This condition can be rewritten as192

as + bt ≤ 2(s2 + t2) for all s, t > 0 such that st = 1193

or, in the homogeneous form,194

as + bt ≤ 2(s2 + t2)√
st

for all s, t > 0.195

In other words, we need to figure out for which (a, b) ∈ R
2+ we have the implication196

s, t > 0 and
2(s2 + t2)√

st
≤ 1 ⇒ as + bt ≤ 1 (18)197
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Fig. 1 The lemniscate r2 = 1
8 sin(2θ); the region L defined by (20) is its interior, while the region L+ is the

leaf of L lying in the first quadrant

(alternatively, we could have used the constraint 2(s2+t2)√
st

= 1). To interpret the above con-198

dition we recall the concept of a polar body. For a subset K ⊂ R
d , we define K ◦, the polar199

body of K , by200

K ◦ := {u ∈ R
d : ∀ y ∈ K 〈u, y〉 ≤ 1}, (19)201

where 〈·, ·〉 is the scalar product. This concept is extensively used in convex analysis, convex202

optimization, geometry and functional analysis. In the functional-analytic context, if K is203

the unit ball with respect to some norm, K ◦ is the unit ball with respect to the dual norm (for204

example, if K is the unit ball in �p , then K ◦ is the unit ball in �q , where 1
p + 1

q = 1). A very205

useful fact is “the bipolar theorem,” which says that if K is closed, convex and contains the206

origin (the assumptions we will implicitly make in what follows, and which are satisfied for207

all sets of interest), then (K ◦)◦ = K . Sample references for these topics are [1,31].208

In the above terminology, it is apparent that our “convexity region” U coincides with the209

polar body of the set L+ := L ∩ R
2+, where210

L :=
{
(s, t) ∈ R

2 : (s2 + t2)2 ≤ 1

4
st

}
. (20)211

The boundary of this set, given by the equation (s2 + t2)2 = 1
4 st , or r2 = 1

8 sin(2θ) in polar212

coordinates, is the lemniscate of Bernoulli (see Fig. 1). The more commonly quoted form of213

the equation is r2 = 1
2α

2 cos(2θ), where α > 0 is a parameter, which produces a (rotated by214

π/4) horizontal “infinity” sign.215

Our discussion can be summarized in the following statement, of which Proposition 1 will216

be a straightforward consequence.217

Proposition 2 The set U of Proposition 1 coincides with (L+)◦, the polar body of the “upper218

right” leaf of the lemniscate r2 = 1
8 sin(2θ). Similarly, U+ = L◦ ∩ R

2+.219
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The second assertion follows from the fact that if we are only interested in a, b > 0, the220

points (s, t) in the “left lower” leaf of L do not affect the condition in (18) since for such221

a, b, s, t we have as + bt ≤ 0 < 1.222

Proof of Proposition 1 First, any polar K ◦ is a closed convex set: for a fixed y ∈ K , the223

constraint 〈u, y〉 ≤ 1 represents a closed half-plane, and so K ◦ is the intersection of a family224

of such half-planes. Next, since L+ ⊂ R
2+, U = (L+)◦ is a hypograph of some concave non-225

increasing function g; this is because (a, b) ∈ U implies that every (x, y)with x ≤ a, y ≤ b226

also belongs to U . Further, smoothness of K corresponds to strict convexity of K ◦ and vice227

versa (with some caveats, the only one that is relevant here being that if the origin is a bound-228

ary point, it needs to be ignored from in the hypothesis and in the assertion; recall that we229

consider only closed, convex sets containing the origin); this follows essentially from the def-230

initions, see [15] for much stronger results. Since ∂L+ \ (0, 0) is smooth and strictly convex,231

so is ∂U = ∂(L+)◦. In particular, ∂U does not contain vertical or horizontal segments and so232

the function g is strictly decreasing (a priori defined on some interval (−∞, c)), smooth and233

strictly concave by the preceding observation. The point (0, 0) on the boundary of L+ plays234

a special role. In general, (0, 0) ∈ ∂K iff K ◦ is unbounded. Similarly, K ⊂ {(x, y) : x ≤ c}235

is equivalent (just by the definition (19)) to (c−1, 0) ∈ K ◦. Consequently, since no point on236

the x-axis other than the origin belongs to L+ = ((L+)◦)◦ = U ◦, it follows that U extends237

unboundedly in the positive direction of the x-axis. In other words, the domain of g is R238

(and not some interval (−∞, c) with c < ∞). Similarly, the range of g is R; this can also be239

deduced from the symmetry property (15) of U , which in turn follows from the analogous240

symmetry of the leminiscate and of its leaf L+. ��241

The same circle of ideas leads to a parametric description of U , which is more tangible242

than general statements such us Propositions 1 or 2. We have243

Proposition 3 The boundary of the set U of Proposition 1 is parametrized by244

a = 2
√

2 sin(3θ)

sin3/2(2θ)
, b = −2

√
2 cos(3θ)

sin3/2(2θ)
, 0 < θ <

π

2
.245

The part of the boundary that lies in the first quadrant corresponds to the range π
6 ≤ θ ≤ π

3 .246

The x- and y-intercepts of g are 8/33/4 ≈ 3.50953. The boundary intersects the line x = y247

at (2, 2).248

Proof Generally, if K is smooth, strictly convex and contains the origin, then there is a249

canonical map � : ∂K →∈ ∂(K ◦) (with the usual exclusion of the origin, if it happens to250

be a boundary point) uniquely defined by the condition251

q = �(p) ⇐⇒ 〈q, p〉 = 1.252

Specifically,� is the Gauss map (which associates to a point p on a hypersurface S a unit vec-253

tor normal to S at p) renormalized so that the above scalar product equals to 1. In particular,254

any parametrization of ∂K leads in a routine way to a parametrization of ∂(K ◦). In our setting255

we may consider the parametrization of the boundary of L+ given by the polar coordinate256

θ , i.e., s = r cos θ = 2
√

2 sin(2θ) cos θ and t = r sin θ = 2
√

2 sin(2θ) sin θ, 0 ≤ θ ≤ π/2.257

The tangent vector at (s, t) is (ṡ, ṫ) (where ˙ is differentiation with respect θ ), the normal258

vector is (ṫ,−ṡ), hence � = (ṫ,−ṡ)
〈(s,t),(ṫ,−ṡ)〉 . The range in the second statement is determined259

by solving b = 0 and a = 0 for θ , and the intercepts by substitution. Since we are appealing260

to polar coordinates, the point on the line x = y corresponds to θ = π
4 . ��261
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2,2

a0, 1 a0

1 a0,a0

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Fig. 2 The region of convexity U , which is exactly the part of the polar body of the lemniscate r2 = 1
8 sin(2θ)

that lies in the first quadrant. Also shown is the hyperbole b = 1/a representing the reciprocal restriction;
the intersection points are the points (a0, 1/a0) and (1/a0, a0) addressed in [16]. The a- and b-intercepts are
8/33/4 ≈ 3.50953

It is now very easy to represent the region U graphically using standard software. Its part262

lying in the first quadrant, relevant to our investigation, is shown in Fig. 2, together with the263

hyperbole b = 1/a representing the reciprocal restriction.264

The above analysis may be alternatively performed by focusing on L◦, the polar of the265

entire lemniscate. This actually simplifies the argument a little since the polar of a set is the266

same as that of its convex hull, and L̃ , the convex hull of L , is a compact, convex, origin-267

symmetric set with the origin in its interior. This class of bodies is invariant under the polar268

functor. The bodies L̃ and (L̃)◦ = L◦ are shown in Fig. 3.269

While the descriptions of U given above, particularly Proposition 2, are mathematically270

elegant, they do not provide a simple test for membership in the set. A natural way to provide271

such test would be to express the function g of (16) in an explicit form. To attempt that,272

rewrite (17) as273

b ≤ 2v4 − av3 + 2

v
=: Ga(v) for all v > 0. (21)274

Since limv→0+0 Ga(v) = limv→∞ Ga(v) = ∞, it follows that infv>0 Ga(v) is attained and275

hence g(a) = minv>0 Ga(v). On the other hand, a direct calculation shows that G ′
a(v) = 0276

iff 3v4 −av3 −1 = 0. An analysis of the coefficients of the polynomial 3v4 −av3 −1 shows277

(see again Descartes’s rule of sign [27]) that it has always exactly one positive root va , which278

corresponds to the single global minimum of Ga over v > 0. In particular g(a) = Ga(va).279

Ferrari’s formula [27] can now be used to find an explicit expression for va , and substituting280

it into Ga we can obtain an explicit, but very ugly formula for g(a). Hence, rather than to281

pursue this route, we will employ an alternative, less direct approach, namely the resultant282

method applied in [16].283

123

Journal: 10898-JOGO Article No.: 9785 TYPESET � DISK LE � CP Disp.:2011/9/21 Pages: 18 Layout: Small



R
ev

is
ed

Pr
oo

f

J Glob Optim

0.3 0.2 0.1 0.0 0.1 0.2 0.3
0.3

0.2

0.1

0.0

0.1

0.2

0.3

4 2 2 4

4

2

2

4

Fig. 3 L̃ , the convex hull of the lemniscate r2 = 1
8 sin(2θ), and its polar (L̃)◦ = L◦, which is the intersection

of U and −U , its symmetric image with respect to the origin. The “sharp” points where the boundaries of U
and −U meet correspond to the points where the boundaries of L and L̃ separate (in the picture on the left),
and to the values θ = π

12 and 5π
12 in the parameterizations described in the text

By (21) and the discussion following it, b = g(a) = Ga(va) = minv>0 Ga(v), which284

implies that va is a minimum point of the polynomial 2v4 − av3 − bv+ 2 over v > 0. Since285

(2v4 − av3 − bv + 2)′ = 8v3 − 3av2 − b, we have286

8v3
a − 3av2

a − b = 0.287

This means that va is a common root of the polynomial system288

2v4 − av3 − bv + 2 = 0,
8v3 − 3av2 − b = 0.

(22)289

According to the resultant method [27], (22) has a common root if and only if290

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 −a 0 −b 2 0 0
0 2 −a 0 −b 2 0
0 0 2 −a 0 −b 2
8 −3a 0 −b 0 0 0
0 8 −3a 0 −b 0 0
0 0 8 −3a 0 −b 0
0 0 0 8 −3a 0 −b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0. (23)291

After some computations (the use of tools of symbolic computation is recommended), we292

obtain that the value of the determinant on the left-hand side of (23) is293

−216a4 − 8a3b3 − 48a2b2 − 6144ab − 216b4 + 32768.294

After simplifications, we are led to an easy to verify necessary and sufficient condition for295

membership in the convexity region U .296

Proposition 4 The point (a, b) belongs to U (i.e., b ≤ g(a)) if and only if297

27a4 + a3b3 + 6a2b2 + 768ab + 27b4 ≤ 4096. (24)298

The point (a, b) lies on the boundary of U, or b = g(a), if and only if (24) holds as an299

equality.300
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4 Sufficient conditions for the global optimality of a local optimal solution301

Let the function F : R
n−1 → R be defined by302

F(x1, . . . , xn−1) =
n−1∑

i=1

fain ,ani (xi )+
n−2∑

i=1

n−1∑

j=i+1

fai j ,a ji (xi − x j ). (25)303

Problem (10) is equivalent to304

min
(x1,...,xn−1)∈Rn−1

F(x1, . . . , xn−1). (26)305

We start our analysis of problem (26) with the following observation, which is a multi-306

variate analogue of Remark 1.307

Proposition 5 Assume that the function F of (25) is convex over a convex set C ⊂ R
n−1.308

Then F is strictly convex over C.309

Proof Let x̄ and x̂ be two arbitrary points of C such that x̄ �= x̂. Let310

ϕ(λ) = F(λx̄ + (1 − λ)x̂) (27)311

and312

ψ(λ) = λF(x̄)+ (1 − λ)F(x̂), (28)313

where λ ∈ R. We will show that314

ϕ(λ) < ψ(λ) for all λ ∈ (0, 1). (29)315

Assume that, on the contrary, (29) does not hold. Then, from the convexity of ϕ over [0, 1],316

we obtain317

ϕ(λ) = ψ(λ) for all λ ∈ (0, 1). (30)318

Since fa,b of (8) is always a univariate analytic function, it is easy to see that the multivariate319

function F of (25) and the univariate function ϕ of (27) are also analytic, see e.g. [26], as320

is the affine function ψ of (28). According to the basic properties of analytic functions, (30)321

implies that322

ϕ(λ) = ψ(λ) for all λ ∈ R, (31)323

see e.g. Corollary 1.2.5 in [26]. Since x̄ �= x̂, there exists an index i0 such that x̄i0 �= x̂i0 .324

Then fai0n ,ani0
(λx̄i0 + (1 − λ)x̂i0) −→ ∞ both for λ −→ −∞ and λ −→ ∞. Taking also325

into account that the univariate functions appearing in (25) are nonnegative, we obtain326

ϕ(λ) −→ ∞ both for λ −→ −∞ and λ −→ ∞. (32)327

However, (32) cannot hold for the affine function ψ of (28), contradicting thus (31). This328

shows (29) and completes the proof. ��329

We are now able to state and prove the main result of this paper.330

Theorem 1 If331

(ai j , a ji ) ∈ U, i = 1, . . . , n − 1, j = i + 1, . . . , n, (33)332

then problem (1) has a unique local (thus global) optimal solution, the objective function333

of (10) is strictly convex over the feasible set, and (10) has a unique local (thus global)334

minimizer point.335
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Proof If (33) holds, then (by the definition of U ) each univariate function in (25) is con-336

vex, and so the entire sum is also convex as a function on R
n−1. Proposition 5 implies337

now that F is strictly convex on R
n−1. (Actually it is not difficult to deduce this property338

just from Remark 1, but we choose the present argument to reduce repetitiveness.) Since339

limx→−∞ fa,b(x) = limx→+∞ fa,b(x) = ∞ for any (a, b) ∈ R
2, the lower level sets of340

F are bounded, and hence F has a (unique) local, thus global, minimizer. This argument341

also shows that the objective function of (10) is strictly convex over the feasible set and that342

problem (10) has a unique local, thus global, optimal solution. The convexity of the objec-343

tive function does not necessarily hold for the original problems in form of (1) or (9), but344

the nonlinear coordinate transformation (4) and its inverse assure the one-to-one correspon-345

dence between the local—hence global—optimal solutions of the problems in the spaces of346

(w1, . . . , wn) and (x1, . . . , xn−1), respectively. ��347

Remark 2 If (33) holds, then the equivalent problems (1), (9) and (10) can be solved by local348

search techniques starting from any feasible point.349

Relation (33) is a sufficient but not necessary condition of the convexity of F . Example350

1 of Sect. 5 shows a numerical example where (33) does not hold but F is strictly convex.351

Namely, it may happen that the strict convexity of several univariate functions in (25) com-352

pensates for “small” nonconvexities of some other univariate functions in (25), and hence F353

is convex.354

As pointed out earlier, our main result provides only a sufficient condition for uniqueness355

of local (thus global) minimizer in (10). Accordingly, it is a tempting project to characterize356

all matrices A = [ai j ] for which the objective function F of (26) is convex, as we could357

immediately generalize Theorem 1 and Remark 2 to such matrices. However, this appears358

difficult even for small dimensions greater than 2. The following observation goes in the359

direction of the project and appears fundamental enough to warrant inclusion.360

Proposition 6 Let C be the set of matrices A = [ai j ], for which the objective function F of361

(26) is convex on R
n−1. Then362

• C is convex as a subset of the space of n × n matrices363

• C is monotone in the sense that if A ∈ C and B = [bi j ] is such that bi j ≤ ai j for all i, j ,364

then B ∈ C365

• C is symmetric: if A ∈ C, then if AT ∈ C and P APT ∈ C for every permutation matrix366

P.367

Since we do not need the Proposition in our analysis, we skip the proof. We only mention368

that, similarly as in Proposition 2, the argument depends on interpreting C as a polar of some369

set L of matrices with respect to the trace duality 〈A, B〉 := tr ABT , with the second and the370

third assertion following from the “positivity” and the symmetries of L.371

From a practical aspect, it is not indispensable that F be globally convex on R
n−1. Assume372

that we can somehow guarantee that all global minimizers of F are in a convex set C ⊂ R
n−1.373

If we can show that F is convex over C , then (26) can be replaced by the convex programming374

problem375

min
(x1,...,xn−1)∈C

F(x1, . . . , xn−1). (34)376

A compact convex set containing all global minimizers of F can be easily constructed. To377

that end, let γ be the (nonnegative) value of the objective function F at some point of R
n−1.378

We are interested only in such points for which379

F(x1, . . . , xn−1) ≤ γ (35)380
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holds. The value of F in (25) is the sum of nonnegative values of univariate functions. For381

any fa,b(x) appearing in (25) the constraint382

fa,b(x) ≤ γ (36)383

is a relaxation of (35). From (36) we obtain384

(ex − a)2 ≤ γ385

and386

log(a − √
γ ) ≤ x ≤ log(a + √

γ ). (37)387

If a − √
γ ≤ 0, the left-hand-side of (37) is considered to be −∞. Similarly, from388

(e−x − b)2 ≤ γ389

we obtain390

− log(b + √
γ ) ≤ x ≤ − log(b − √

γ ). (38)391

If b − √
γ ≤ 0, the right-hand-side of (38) is considered to be +∞. Taking l as the finite392

maximum of the left-hand-side values in (37) and (38), and u as the finite minimum of the393

right-hand-side values,394

l ≤ x ≤ u395

yields a lower and an upper bound for any x fulfilling (36). Performing this procedure for all396

univariate functions appearing in (25) leads to the constraints397

li ≤ xi ≤ ui , i = 1, . . . , n − 1,
li j ≤ xi − x j ≤ ui j , i = 1, . . . , n − 2, j = i + 1, . . . , n − 1.

(39)398

Clearly, if (35) holds for some (x1, . . . , xn−1), then also (39) holds. It is easy to see that the399

smaller γ is, the tighter the bounds of (39) are. Consequently, it is recommended to choose400

γ as the value of F at a local minimizer point.401

Let C ⊂ R
n−1 denote the convex polyhedral set of the points feasible to (39). If one can402

assure that F is convex over C , then adding the constraints403

li ≤ xi ≤ ui , i = 1, . . . , n − 1,
li j ≤ xi j ≤ ui j , i = 1, . . . , n − 2, j = i + 1, . . . , n − 1

(40)404

to (10), we obtain a linearly constrained convex optimization problem with strictly convex405

objective function over the feasible set. The unique optimal solution of such problems can406

be easily found.407

To investigate whether F is convex over a set given by (39), we again need to study the408

Hessian of F and the quadratic form associated with it. From (25), we obtain that409

(y1, . . . , yn−1)∇2 F(x1, . . . , xn−1)(y1, . . . , yn−1)
T

=
n−1∑

i=1
yi∇2 fain ,ani (xi )yi +

n−2∑

i=1

n−1∑

j=i+1
(yi , y j )∇2 f̄ai j ,a ji (xi , x j )(yi , y j )

T (41)410

for any (n − 1)-vector (y1, . . . , yn−1), where411

f̄ai j ,a ji (xi , x j ) = fai j ,a ji (xi − x j ). (42)412

Equation 41 means that the quadratic form with the Hessian of F can be obtained from413

the quadratic forms with the 1 × 1 and 2 × 2 Hessians of the functions appearing on the414
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right-hand-side of (25). Based upon this property, we construct a quadratic matrix such that415

the quadratic form generated by this matrix lower-bounds the quadratic form generated by416

∇2 F at any point of R
n−1.417

Clearly, ∇2 fain ,ani (xi ) = f ′′
ain ,ani

(xi ). Let418

μi = min{ f ′′
ain ,ani

(xi ) | li ≤ xi ≤ ui }. (43)419

Then,420

yi∇2 fain ,ani (xi )yi ≥ μi y2
i (44)421

for all xi ∈ [li , ui ] and any real yi . The computation of μi can be reduced to finding the422

positive roots of a quartic polynomial. We have,423

f ′′′
a,b(x) = 2[4e2x − aex − 4e−2x + be−x ].424

By substituting v = ex , we get425

f ′′′
a,b(x) = 2

v2 pa,b(v),426

where427

pa,b(v) = 4v4 − av3 + bv − 4.428

By determining the positive roots of the quartic polynomial pa,b(v), the real roots of f ′′′
a,b(x)429

can also be obtained. Here again, finite methods can be used to solve the quartic polynomial430

equations [27]. Now, if the real roots of f ′′′
ain ,ani

(x) are known, then taking the value f ′′
ain ,ani

431

at the roots lying in [li , ui ] and taking the values f ′′
ain ,ani

(li ) and f ′′
ain ,ani

(ui ) also into consid-432

eration, μi of (43) can be obtained. According to Remark 1, if μi ≥ 0, then fain ,ani is strictly433

convex over [li , ui ].434

The computation of the Hessian of f̄ai j ,a ji (xi , x j ) of (42) is also simple. Let x̄ = xi − x j .435

Then436

∂2 f̄ai j ,a ji (xi ,x j )

∂xi ∂xi
= ∂2 f̄ai j ,a ji (xi ,x j )

∂x j ∂x j
= f ′′

ai j ,a ji
(x̄),

∂2 f̄ai j ,a ji (xi ,x j )

∂xi ∂x j
= ∂2 f̄ai j ,a ji (xi ,x j )

∂x j ∂xi
= − f ′′

ai j ,,a ji
(x̄)

437

and438

∇2 f̄ai j ,a ji (xi , x j ) =
[

f ′′
ai j ,a ji

(x̄) − f ′′
ai j ,a ji

(x̄)
− f ′′

ai j ,a ji
(x̄) f ′′

ai j ,a ji
(x̄)

]

.439

Let440

μi j = min{ f ′′
ai j
(x̄) | li j ≤ x̄ ≤ ui j }. (45)441

Again,μi j can be obtained by solving a quartic polynomial equation, and taking into account442

the values of f ′′
ai j

at li j and ui j . Then443

(yi , y j )∇2 f̄ai j ,a ji (xi , x j )

(
yi

y j

)

= f ′′
ai j ,a ji

(x̄)(yi − y j )
2

≥ μi j (yi − y j )
2 = (yi , y j )

[
μi j −μi j

−μi j μi j

](
yi

y j

) (46)444
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for all li j ≤ ti − t j ≤ ui j and for any reals yi and y j . According to Remark 1, if μi j ≥ 0,445

then fai j ,a ji is strictly convex over [li j , ui j ].446

With this preparation, we can now state the following447

Theorem 2 If448

μi ≥ 0, i = 1, . . . , n − 1,449

μi j ≥ 0, i = 1, . . . , n − 2, j = i + 1, . . . , n − 1,450

(47)451

then F is strictly convex over C. By adding (40) to (10) we obtain a convex programming452

problem whose objective function is strictly convex over the feasible set. Consequently, prob-453

lems (1), (9) and (10) have a unique global optimal solution.454

Proof We obtain from (47) that all fain ,ani and fai j ,a ji are convex over [li , ui ] and [li j , ui j ],455

respectively. Then, according to Proposition 5, F is strictly convex over C , and hence it has456

a unique local (thus global) minimizer over C . The other statements follow immediately.457

��458

Even if (47) does not hold, the convexity of F over C can sometimes be established as459

shown below.460

Theorem 3 Let Hi j be the (n − 1)× (n − 1) matrix having 1 in position (i, j) and zeros in461

all other positions. Let462

H =
n−1∑

i=1

μi Hii +
n−2∑

i=1

n−1∑

j=i+1

μi j (Hii + Hj j − Hi j − Hji ). (48)463

If H is positive semidefinite, then F is strictly convex over C and by adding (40) to (10) we464

obtain a convex programming problem whose objective function is strictly convex over the465

feasible set, in addition, problems (1), (9) and (10) have a unique global optimal solution.466

Proof It follows from (44) and (46) that for any (x1, . . . , xn−1) ∈ C and any (n − 1)-vector467

(y1, . . . , yn−1), we have468

(y1, . . . , yn−1)∇2 F(x1, . . . , xn−1)(y1, . . . , yn−1)
T ≥ (y1, . . . , yn−1)H(y1, . . . , yn−1)

T .469

If H is positive semidefinite, then470

(y1, . . . , yn−1)H(y1, . . . , yn−1)
T ≥ 0,471

hence472

(y1, . . . , yn−1)∇2 F(x1, . . . , xn−1)(y1, . . . , yn−1)
T ≥ 0.473

This means that ∇2 F(x1, . . . , xn−1) is positive semidefinite for any (x1, . . . , xn−1) ∈ C ,474

implying that F is convex over C . The remaining statements follow evidently from the475

previous results. ��476

Theorems 2 and 3 yield only sufficient conditions of the the convexity of F over C . It can477

however happen that F is convex over C , i.e., (34) is a convex programming problem, but we478

cannot prove it with the tools at our disposal. Another case is when F is indeed nonconvex479

over C . This is the territory of global optimization, and special methods need to be applied.480

In this paper we primarily focus on the convexity properties of LSM for PC matrices481

without the reciprocity condition. The methodological and computational issues are beyond482

the scope of the paper but are planned to be presented in a follow-up publication.483
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5 Numerical examples484

We illustrate the convexity issues related to problem (10) and the approach of Theorem 3485

with two numerical examples.486

Example 1 Let487

A =
⎡

⎣
1 2 4

0.3 1 1.5
0.2 0.6 1

⎤

⎦ .488

Although (2, 0.3) ∈ U and (1.5, 0.6) ∈ U , we have (4, 0.2) �∈ U so condition (33) does489

not hold. We show however that F of (25) is strictly convex on R
2. Let C = R

2, i.e.490

let l1 = l2 = l12 = −∞ and u1 = u2 = u12 = ∞, and determine the minimum of491

f
′′
4,0.2, f

′′
1.5,0.6 and f

′′
2,0.3 over the real line. These values are μ1 = −1.61333, μ2 = 3.74174492

and μ1,2 = 3.18919, respectively. According to (48), the matrix H is493

H =
[−1.61333 + 3.18919 −3.18919

−3.18919 3.74174 + 3.18919

]

=
[

1.57586 −3.18919
−3.18919 6.93093

]

,494

and it is positive definite since the determinant of every leading principal submatrix of H is495

positive. Consequently, F is strictly convex on R
2. ��496

Example 2 The second numerical example with the nonreciprocal matrix497

A =

⎡

⎢
⎢
⎣

1.2 2 0.5 3
0.4 0.9 0.25 1.5
1.5 3 1 5
0.25 0.5 0.33 1.1

⎤

⎥
⎥
⎦498

comes from [25].499

Matrix A is not reciprocal. It is easy to see that (ai j , a ji ) ∈ U holds for all (i, j) except500

the single (a3,4, a4,3) = (5, 0.33) �∈ U . Consequently, the convexity of F depends on the501

influence of the univariate function f5,0.33.502

By using local search method for minimizing F over R
3, we found the local minimal503

solution504

(
x∗

1 , x∗
2 , x∗

3

) = (1.122538, 0.459287, 1.592514) (49)505

with the objective function value γ = 0.13008429. Applying formulas (37) and (38) for506

f5,0.33 and γ , the following lower and upper bounds can be obtained for x3:507

l3 ≤ x3 ≤ u3,508

where l3 = 1.534569529 and u3 = 1.679089340. By minimizing f ′′
5,0.33 over [l3, u3] we509

get μ3 = 39.74376. Clearly, all the other values of μi and μi j are nonnegative since the510

corresponding univariate functions are convex. It follows directly from Proposition 5 that F511

is strictly convex over C = {(x1, x2, x3) | l3 ≤ x3 ≤ u3}. Since the local optimal solution512

(x∗
1 , x∗

2 , x∗
3 ) lies in C , it is the unique global optimal solution. According to wi = exi , we513

obtain that514

(w∗
1, w

∗
2, w

∗
3, w

∗
4) = (3.072644, 1.582944, 4.916091, 1)515

is the unique global optimal solution of problem (9).516
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6 Conclusions and final remarks517

In [17], mathematical basis have been provided for using a small rather than bigger scale518

to express pairwise preferences. The results have been based on a convexity property of PC519

matrices recently found in [16]. The use of distance minimization approach in [17] has been520

also explored for solving the nonreciprocal case.521

In this study, the Least Squares Method (LSM) was proposed for solving the relaxation522

of the reciprocity condition for pairwise comparisons. It has been demonstrated that, after523

suitable nonlinear coordinate transformations, some special cases of LSM are easy to solve524

convex optimization problems. It has been also shown that the global optimal solution of525

the original problem can be found by using local search methods under some other, less526

restrictive conditions when the convexity of a modified problem can be assured.527

We did not detail methodological and computational issues in this paper. However, with-528

out assuring some convexity condition, the LSM may lead to a difficult global optimization529

problem with possible multiple local and even global minimal solutions. An adaptation of530

the branch-and-bound method in [16] for the nonreciprocal case is a possible approach.531

The methodological and computational details are planned to be presented in a follow-up532

publication.533
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