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   Outline: 

• Motivation: Phase Transitions without Conventional  

   Landau Local Order Parameters --  Examples 

• Two- & Three-Leg Ladders – More Motivation 

• Staggering Patterns & Quantum Criticality 

• Ground State Energies and Gaps 

• String Order Parameters 

• Conclusions 



  Motivation:  
   Phase transitions without local  
   order parameter 

 1. Berezinskii-Kosterlitz-Thouless Transition.  

     2D classical XY model 

i jS S

0iS No long-range order 

  finite TC

exponential 

power-law 

Binding-Unbinding of vortices 

Conventional Landau  

Theory 



 

 

 
 

 

2. Solid-on-Solid Models. Surface Roughening Transitions 

Den Nijs & Rommelse 

PRB 1989 

No long-range order 

Mapping: SOS             6-vertex model   Ising spin 

More Mapping  

quantum spin model 

String Order Parameter (SOP) 

Hidden (Topological) Order 

  



 
3. Frustrated 2D nn+nnn Ising Model 

 

A. Kalz and G.Y.C., in preparation 

PM to FL transition = 

BKT transition -> 

NO local Order Parameter 

Power-Law Correlation function 

Analogue: 2D ANNNI model 

P. Bak, Rep. Prog. Phys. (1982)  

FL = Floating Phase 



  4. Spin Chain 



Bosonization 

Gibson, Meyer, G.Y.C., PRB 2011 



 

 

 
 

 

5. Kitaev Model (exactly solvable, free Majorana fermions) 

Kitaev,  Ann. Phys, 2003, 2006 

Feng, Zhang & Xiang, PRL 2007 

             Kitaev Model (SOP)   

 

          

 

    Jordan Wigner Majorana Fermions   

 

      

  

      XY spin chain in transverse field  

           (local Order Parameter) 

0,  =1/8, =1, =1/4

Critical indices of  

the 2D Ising Model 



Here we need to pause  
and share some  

(deep !!!)  
thoughts 



See, e.g., T. Giamarchi, Quantum 

Physics in One Dimension, 2004 

n-Leg Spin-1/2 Ladders (No Dimerization) 

Spin-1/2 Ladders 

Even number of legs  

Odd number of legs 

Gapped 

Gapless 

   More Motivation: 



Two- & Three-Leg Ladders: Experiments 



Dimerized 2-leg Ladders: 

Conjecture: 

Martin-Delgado, Shankar, Sierra, PRL 1996 

• Line of Quantum Criticality = No Gap (Mass) 

• QCP & No (Apparent) Symmetry Change or SSB 

• Non-Local String (Topological) Order Parameter  

  (to discuss) 

 

NB: 3-Leg Ladders, Similar Properties, omitted for brevity  



Dimerization Patterns:     (Chitov, et al, PRB 08) 

Staggered Columnar 

Quantum Critical (line) Always Gapped 

Hints: 3-leg Spin-Peierls Ladder,  Azzouz, Shahin, Chitov, PRB 07 



Methods & Results: 

Methods-I: Jordan-Wigner Transformation 

                    Mean-Field Theory;  Azzouz, PRB 93 

Methods-II: Exact Diagonalization, 

                     Finite-Size Scaling 

                     Gibson, Meyer & Chitov PRB 2011 

                           Gibson, M.Sc. Thesis, Laurentian, 2010 

  c c,   c cc c  c c  c cS



Ground State Energies & Gaps: 





Staggered Gaps: Finite-Size Scaling 



(Hidden) String Order Parameters: Definition 

References: 



  String Order Parameters (Ladders) :  

References: 

SOP      0   

What Symmetry is  

Broken? 



String Order Parameters: Columnar Dimerization 



String Order Parameters: Staggered Dimerization 

See also: 



String Order Parameters: Finite-Size Scaling 



Critical Properties. Universality Class 

Conjecture:  Martin-Delgado et al, 96,98 

                      Wang & Nersesyan, 2000 

 

                   Dimerized Heisenberg chain 

                   Hida, PRB 1992 

 

 

                    Baxter’s 2D 8-vertex model 

 

 

 

 

( 3 / 4)

=2/3

=2/3

=1/12

=1/4

+ log corrections 
0,  =1/8, =1, =1/4

Critical indices of  

the 2D Ising Model 



Dimerized 3-leg Ladders: (Similar Properties) 



Dimerized 3-leg Ladders: (continued) 

NB: Size makes limitations on scaling of SOP   



Summary: 
 
 1. Critical properties of the dimerized ladders are investigated 

2. Hidden string order parameters are identified and studied 

3. Critical indices of the model are determined 

4. What is next:  Analytical work (FFA, RG, ?) 



   THE END 
 

 THANK YOU! 
 
 


